Abstract. In this paper, weak solutions to some special Cauchy problems involving lase transitions in I known as cavitation.
u" = V-^(Vu) (1.1) in Bp x [0, T], with the homogeneous boundary condition:
u(x,f) = Ax, xedBp, /e[0,r]; (1.2) and the initial condition:
u(x, 0) = Ax, xe#,, u((x, 0) = 0, x e Bp.
(1.
3)
The stress tensor S*(F) is defined by ^(detF)(adj F)J and (p : R+ -► R has a graph as shown in the van der Waals fluid that decreases in some transition interval. (See Fig. 1 .) This type state function can also be a model in phase transitions in onedimensional elastodynamics. For instance, the intervals where (p increases represent two different phases that are separated by the transition interval; see, e.g., [4] , [7] , and [10] . Note that Eq. (1.1) can be written in terms of conservation laws of the material in Lagrangian reference:
( y,(x, 0 = V-<5*(F(x, 0), i F((x, /) = Vv(x, t) for x e Bp and t > 0, where v(x, t) = u,(x, t), F(x, t) = Vu(x, t) and u(x, t) represent the velocity, deformation gradient, and deformation at time t of the fluid occupying the point x e Bp in the reference configuration, respectively.
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The uniqueness of the problem (1.1)-(1.3) under certain ellipticity conditions on 5^(F) has been well known (see, e.g., Wheeler [12] ). The stress tensor S*(F) we consider in this paper violates these ellipticity conditions very badly. It is natural that the uniqueness should fail for (1.1)-(1.3). Obviously, the homogeneous equilibrium defined by uA(x) = Xx is a classical solution to (1.1)-(1.3) for any X > 0.
The aim of this paper is to construct weak solutions to (1.1)-(1.3) for certain parameters X > 0 that exhibit certain prescribed point singularities.
We use the same method as that used in [9] to construct weak solutions with point defects. This type of defect is known as cavitation. Let us mention that in nonlinear elasticity theory, cavitation can happen for certain materials such as liquid crystals (see [6] ).
Like solutions constructed in [9] , solutions we construct in §4 are also of the form u(x, t) = tf(\x\/t)x/\x\, x^O, t>0, where f(s) is a continuous, piecewise C2 function, and satisfies /(0) > 0 and f(s) = Xs for s > a, for some a > 0. We also assume that u(x, t) = Xx when t = 0 and x e Bp, and u(x, t) = 0 when x = 0 for all t > 0. At each time t e (0, p/a) such solutions differ from the trivial solution uA only in the ball Bw . We shall thus call this ball the transition region. We remark that inside the transition region, the solutions open a hole at x = 0; thus such solutions will be called cavitation
We remark that since the assumptions on <9*(F) and <p(v) are different from those of [9] , results of this paper differ in many physically related aspects. We shall see that these solutions undergo phase transitions and some of the solutions contain shocks inside the transition region (see §4 for details). Furthermore, in general, the energy reduction criterion (see, e.g., Dafermos [2], DiPerna [3] , James [7] , and Lax [8] ) fails for most of the solutions when phase transition occurs. On the other hand, the energy reduction criterion can still hold even when a full phase transition does occur, mainly due to interactions and cancellations among the shocks; see §5 for details.
2. Constitutive assumptions. Suppose (p : R+ -> R is a C2 function and there exist 0 <A<a<B<P<C such that (cf. [C,v*) such that
Note that 0 < q < <p'(r(w , q)) as a consequence of (2.2). Remark 2.1. As in some phase transition theories, see [4] , [7] , and [10] , a deformation gradient or a phase F is said to be in the a-phase if detF e (0, a), in the /?-phase if deti7 e (/?, +oo), and a phase mixture if detF e (a, (1).
3. Admissible solutions. In this section we follow [9] . We also refer to this paper and Ball [1] It is easy to see that the equilibrium deformation uA(x, t) = Ax for (x, t) e QT is always a weak solution of (1.1) in the sense of this definition for any A > 0. The uniqueness of this solution under some conditions has been proved by [12] , In this paper, we shall prove that (1.1) possesses weak solutions other than uA(x, /) for some A > 0. These solutions exhibit some point defects in the material as we shall see in the sequel, and thus be termed as cavitation solutions. Existence of such solutions, of course, depends on our admissible class of motions since here we only allow 1 < p < 3 in (3.1). 3 3 Now let Q = Bp = {x e R | |x| < p} and consider a radial function y : Bp -► R defined by y(x) = r(|x|)(x/|x|) for x / 0, where r : [0, p) -> [0 , oo). The following results have been proven in [1] and [9] . 
The following result is similar to the one in [9] , Proof. The proof is similar to that of Theorem 5.1 of [9] , which is based on the divergence theorem. We only make some remarks on the conditions; for details we refer to [9] , By Lemma 3.2, conditions (i) and (ii) assure that u(x, t) is an admissible motion; (iv) is the so-called Rankine-Hugoniot jump condition across the shock surface dBst; while (v) makes J^(Vu(-, t)) e Lx The following result will be frequently used in the next section. 
First of all, it follows from Proposition 3.4 that (4.6) can be solved on [s2, s2 + S) for some 3 > 0; using similar arguments as in [9] , we can extend the solution to a maximal interval [s2, sM); and using the same argument and the second part of Proposition 3.4 we can also prove that sM < +oo and
for all je[s2, sM). (ii) If s3Mv{sM) -h{sM)3 = 0, then h{s~) = 0; thus h e C2([s2, sM]). 3 3 Proof. We first prove (i). This suppose sMv(sM) -h(sM) < 0. We consider
Note that 03(5,) = d^s-,) <0. On the other hand, by (4.7) and the mean value theorem it follows that »!(**>= ((^r)'-"(s*<)) (»<*«)<4-9'
where C < v(sM) < <J, < £2 < h(sM)3/s3M . By the assumption (C) in §2 one has 03{sM) > 0; thus by the intermediate theorem, there exists an s3 e (s2, sM) such that 63(s3) = 0. This is just the conclusion of part (i). Now we prove case (ii). It suffices to prove that limc -v(s) -0. Let s" Z1 s,f be such that . In this section we shall discuss exchanges of total energy for cavitation solutions u(x, t) constructed in §4.
The following result is useful in computing the total energy of cavitation solutions; a similar version of the result can be found in [9] . Formulas similar to (5.4) have been well known in the literature on the systems of conservation laws; we only refer to [2] , [3] , [7] , and [11] . Unlike the case considered in [9] , solutions constructed here do not generally satisfy the following energy reduction criterion: E(t,u-Bp)<E(0,u-Bp).
(5.5) From (5.4) it is quite clear that the possible failure of (5.5) is caused by phase transitions in the solutions, a case that is much different from that discussed in [9] . Nevertheless, in some circumstances, we can still use formula (5.4) to get some information about the energy changes of the cavitation solutions we constructed in §4.
In what follows, we use the same notations as in §4. We first prove the following result, which corresponds to Case I in §4. Case II considered in §4 renders more complicated situations about the changes of total energy for the cavitation solutions defined by (4.5) and (4.12). As indicated in the proof of the previous proposition, the general consideration of the energy changes in this case relies on the more delicate analyses on the global geometric shape of the graph of <p and the solutions of the O.D.E.s involved. We do not intend to give a complete discussion on this issue; instead we shall present the following result, which states that under some condition solutions defined by (4.5) and (4.12) do reduce the total energy as time evolves. 
